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1
In this paper, we introduce a new way to estimate the scaling parameter of a self-
similar process by considering the maximum probability density function (pdf) of
tis increments. We prove this for H-self-similar processes in general and experimen-
tally investigate it for turbulent velocity and temperature increments. We consider
turbulent velocity database from an experimental homogeneous and nearly isotropic
turbulent channel flow, and temperature data set obtained near the sidewall of a
Rayleigh-Be´nard convection cell, where the turbulent flow is driven by buoyancy. For
the former database, it is found that the maximum value of increment pdf pmax(τ) is
in a good agreement with lognormal distribution. We also obtain a scaling exponent
α ≃ 0.37, which is consistent with the scaling exponent for the first-order structure
function reported in other studies. For the latter one, we obtain a scaling exponent
αθ ≃ 0.33. This index value is consistent with the Kolmogorov-Obukhov-Corrsin
scaling for passive scalar turbulence, but different from the scaling exponent of the
first-order structure function that is found to be ζθ(1) ≃ 0.19, which is in favor of
Bolgiano-Obukhov scaling. A possible explanation for these results is also given.
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I. INTRODUCTION20
Since Kolmogorov’s 1941 (K41) milestone work, the invariant properties of small-scale21
structures have been widely investigated during the last four decades.1–5 The invariant prop-22
erties are characterized by a series of scaling exponents ζ(q), which is traditionally extracted23
by the classical structure function (SF) analysis Sq(ℓ) = 〈∆uℓ(r)q〉 ∼ ℓζ(q) that has been24
documented very well for turbulent velocity fields.2–4,6 Here, ∆uℓ(r) = u(ℓ+ r)− u(r) is the25
velocity increment.26
A key problem of turbulence is the search of universal probability density function (pdf) of27
turbulent velocity.3,7 The pdf of turbulent velocity or velocity increments has been studied by28
several authors.2,8–13 Several models of velocity increment have been proposed to characterize29
its pdf tail. For example, Anselmet et al. 2 proposed an exponential fitting to extrapolate the30
pdf tail of velocity increments with separation scales in inertial range, which is also advocated31
in Ref. 8. Ching 9 proposed a stretched exponential pdf of temperature increments for32
Rayleigh-Be´nard convection (RBC) system. Later, it has been applied in turbulent velocity33
by Kailasnath, Sreenivasan, and Stolovitzky 10 .34
In this paper, we investigate another aspect of the pdf scaling of increments of scaling35
time series, e.g. fractional Brownian motion (fBm), turbulent velocity, and temperature.36
We find a pdf scaling37
pmax(τ) ∼ τ−α (1)
for the maximum pdf of the increment ∆uτ . This pdf scaling can be obtained analytically38
for the fBm processes and more generally for H-self-similar processes, in which only one39
parameter Hurst number H is required to describe the processes, and we find in this case40
α = H . For the fBm case, the pdf scaling is validated by numerical simulations. We hence41
postulate that the pdf scaling also holds for multifractal processes, such as turbulent velocity,42
temperature fluctuations in RBC system, etc. To our knowledge, the method we proposed43
here is the first method to extract scaling exponents on the probability space rather than44
on the statistical moments space, as usually done.45
This paper is organized as following. In section II, we derive analytically a pdf scaling of46
increments for fractional Brownian motion processes and more generally for H-self-similar47
processes. In section III, we investigate the pdf scaling of velocity from turbulent channel48
flow and temperature from turbulent Rayleigh-Be´rnard convection system, respectively. We49
3
finally present our discussions and draw the main conclusion in section IV.50
II. FRACTIONAL BROWNIAN MOTION AND H-SELF-SIMILAR51
PROCESSES52
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FIG. 1. (a) Compensated pmax(τ)τ
H estimated from fBm simulation with various Hurst numbers
H by using box-counting method (denoted as BC) and a kernel smoothing method with Gaussian
kernel (denoted as KS), (b) the corresponding scaling exponents α(H), where the theoretical value
is illustrated by a solid line, and (c) the relative error (α − H)/H between given and estimated
Hurst number. The scaling exponent is estimated on the range 10 < τ < 1000 data points by using
a least square fitting algorithm.
A. Fractional Brownian motion53
FBm is a continuous-time random process proposed by Kolmogorov 14 in the 1940s and54
Yaglom 15 and later named ‘fractional Brownian motion’ by Mandelbrot16. It consists in a55
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FIG. 2. The length dependent α(L) (#) for the Hurst number H = 1/3 with 1000 realizations
(using box-counting method). The horizontal dashed line illustrates the given Hurst number H =
1/3. The solid line is the fitting of the errorbar (standard deviation of α(L)). The inset shows the
corresponding relative error Er(L) = (H −α(L))/H (#) and errorbar δα(L)/H (), in which the
solid line is the power law fitting Er(L) ∼ L−ξ and δα(L) ∼ L−γ with scaling exponents ξ ≃ 0.91
and γ ≃ 0.49 respectively.
fractional integration of a white Gaussian process and is therefore a generalization of Brow-56
nian motion, which consists simply in a standard integration of a white Gaussian process.57
Because it presents deep connections with the concepts of self-similarity, fractal, long-range58
dependence or 1/f -process, it quickly became a major tool for various fields where such59
concepts are relevant, such as in geophysics, hydrology, turbulence, economics, communi-60
cations, etc.16–24 Below we consider it as an analytical model for monofractal processes to61
obtain the pdf scaling analytically.62
An autocorrelation function of fBm’s increments Yτ(t) = x(t + τ) − x(t) is known to be63
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the following64
Rτ (ℓ) =
1
2
{(τ + ℓ)2H + |τ − ℓ|2H − ℓ2H} (2)
where ℓ ≥ 0 is the time delay, τ is the separation scale, and H is Hurst number.23 Thus the65
standard deviation σ(Yτ ) of the increment Yτ scales as66
σ(Yτ) = Rτ (0)
1/2 = τH (3)
Yτ is also known to have a Gaussian distribution,
16,23 which reads as67
p(Yτ) =
1
σ(Yτ )
√
2π
exp
(
− Y
2
τ
2σ(Yτ )2
)
(4)
We thus have a power law relation when Yτ = 068
pmax(τ) = p(Yτ )|Yτ=0 =
1
σ(Yτ)
√
2π
=
1√
2π
τ−α(H) (5)
where α(H) = H .69
In order to numerically check this, we perform a wavelet based algorithm to simulate the70
fBm process.25 We synthesize a segment of length 106 data points for each value of Hurst71
number H from 0.1 to 0.9 by using db2 wavelet. The pdfs are estimated as follows. We first72
normalize x by its own standard deviation σ. The empirical pdf is then estimated by using73
box-counting method on several discrete bins with width dh74
p(Y ) =
Ni
N dh
(6)
in which Ni is the number of events in the ith bin, N is the total length of the data. We75
find that the empirical pdf p(Yτ ), the maxima pdf pmax(τ) = maxYτ {p(Yτ |τ)}, and the76
corresponding scaling exponents α(H) are almost independent of the range of bin width dh.77
Another way to estimate the pdf is a kernel smoothing method.26 In this study, a Gaussian78
kernel is chosen. Figure 1 (a) shows the estimated pmax(τ)τ
H for various Hurst numbers H .79
For both methods, a clear plateau is observed, indicating power law behavior as expected80
for all Hurst numbers. We estimate the scaling exponents on the range 10 < τ < 100081
data points by a least square fitting algorithm. The corresponding scaling exponents α(H)82
are shown in Fig. 1 (b). One can see that, except for the larger values of H , the scaling83
exponents α(H) are in good agreement with the given Hurst numbers. We note that our84
new method overestimated H for small values of H , and then underestimated it for high85
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values. We then check the relative error (α(H)−H)/H between given and estimated Hurst86
number. The corresponding result is shown in Fig. 1 (c). Generally speaking, both the87
kernel smoothing method and the box-counting method provide a comparable estimation of88
H , especially for a Hurst number around H = 0.3. Thus in the following content, we will89
only apply the box-counting method to real data sets since the scaling exponent is expected90
around H = 1/3.91
To test the finite length effect, we perform a calculation with various data length L and92
1000 realizations each for the Hurst number H = 1/3, this corresponds to the value for fully93
developed turbulence.3 The range of L is 104 < L < 3 × 106. The corresponding scaling94
exponents α(L) are estimated on the range 10 < τ < 1000 data points. Figure 2 shows95
α(L) with errorbar δα(L), which is the standard deviation of the estimated α(L). The inset96
shows the relative error Er(L) = (H −α(L))/H (#) and the errorbar δα(L)/H (). Power97
law behaviors98
Er(L) ∼ (L)−ξ, δα(L) ∼ L−γ (7)
are observed with scaling exponents ξ ≃ 0.91 and γ ≃ 0.49. One can find that the estimated99
α is quickly close to the given Hurst number H = 1/3. The relative error Er(L) is less than100
10% for all L we considered here. Specifically, when L > 105, we obtain Er(L) ≤ 1% and101
δα(L)/H ≤ 5%. This is already a quite good estimation of H . Thus in the following, we102
choose L ≥ 105 data points.103
B. H-Self-similar processes104
We can also derive the pdf scaling more generally for H-self-similar processes as following.105
We define a H-self-similar process as106
{x(at)} d= {aHx(t)} (8)
in which
d
= means equality in distribution and H is the Hurst number.27 x(t) is a H-self-107
similar process, in which only one parameter H , namely Hurst number, is required for the108
above scaling transform. Let us note Yτ = ∆xτ = x(t + τ) − x(t), the increment with109
separation scale τ . We assume that x is H-self-similar with stationary increment, hence Yτ110
is also H-self-similar. Thus one has111 {
Yτ
τH
}
d
=
{
YT
TH
}
d
= {Y1} (9)
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In fact equality in distribution means equality for distribution function. Let us write distri-112
bution function113
F (x) = Pr(X ≤ x) =
∫ x
−∞
p(X) dX (10)
in which p(x) is the pdf of x. We note the pdf114
p(x) = F ′(x) (11)
We thus take here115
Fτ (x) = Pr (Yτ ≤ x) (12)
We have116
Pr
(
Yτ
τH
≤ x
)
= Pr
(
Yτ ≤ xτH
)
(13)
Hence Eq. (9) writes for distribution functions117
Fτ
(
xτH
)
= FT
(
xTH
)
(14)
Taking the derivative of Eq. (14), we have for the pdfs118
τHpτ
(
xτH
)
= THpT
(
xTH
)
(15)
Then writing119
pmax(τ) = max
x
{pτ (x)} (16)
and taking the maximum of Eq. (15), we have120
τHpmax(τ) = T
Hpmax(T ) (17)
Finally, this leads to121
pmax(τ) = pmax(T ) (τ/T )
−H (18)
This is the pdf scaling for the H-self-similar process. Since Eq. (8) is not true for multi-122
scaling processes, Eq. (18) may be only an approximation for multifractal processes.123
We have shown above analytically the pdf scaling relation for fBm processes and more124
generally for H-self-similar processes. For the former one, the pdf scaling Eq. (1) is validated125
by numerical simulations. We postulate here that it is also valid for other types scaling time126
series, e.g. turbulent velocity and temperature from other turbulent systems, etc., and we127
will check this experimentally in the next section.128
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The pdf scaling we proposed above is related to the first-order structure function α =129
H for H-self-similar processes, see Eqs. (5) and (18). Hence for the multifractal case, we130
may postulate that α = ζ(1), the-first order structure function with a slight intermittent131
correction, see next section for turbulent velocity as an example.132
III. EXPERIMENTAL RESULTS133
In this section, we will apply the above pdf scaling analysis to turbulent velocity obtained134
from homogeneous and nearly isotropic channel flow, and temperature time series obtained135
near sidewall area of a Rayleigh-Be´nard convection system. An interpretation under the136
K41 theory is also discussed.137
A. Turbulent velocity138
We consider here a turbulent velocity database obtained from an experimental homoge-139
nous and nearly isotropic turbulent channel flow by using an active-grid technique to achieve140
a high Reynolds number.28 We use the data obtained at downstream x/M = 48, where M141
is the mesh size. At this measurement location, the mean velocity is 〈u〉 = 10.8m/s, the142
turbulence intensity is 10%, and the Taylor microscale based Reynolds number is Reλ ≃ 630.143
The sampling frequency is 40, 000Hz. To avoid the measurement noise, we only consider144
here the transverse velocity. Figure 3 shows the Fourier power spectrum for the transverse145
velocity component. The inset shows the compensated spectrum E(f)fβ, in which β ≃ 1.58146
is the scaling exponent estimated on the range 20 < f < 1000Hz, corresponding to the147
time separation 0.001 < τ < 0.05 s. The value of β for transverse velocity component at all148
measurement locations (x/M = 20, 30, 40, 48) is around 1.58 ∼ 1.60, and is slightly smaller149
than the Kolmogorov value 5/3, which could be an effect of the active-grid technique.29 It150
demonstrates a nearly two decades inertial range. Thus this database has a long enough151
inertial range to validate Eq. (1). More details about this database can be found in Ref. 28.152
pmax(τ) is calculated as explained below. We first divided the time series into several153
segments with 105 data points each. Then empirical pdf is estimated for various separation154
scales by using Eq. (6). pmax(τ) is then estimated for each segment. We have 120×12 = 1440155
(number of measurements × segments of each measurement) realizations. Figure 4 shows156
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FIG. 3. Fourier power spectrum of transverse velocity component at downstream x/M = 48,
where M is the mesh size. The inset shows the corresponding compensated spectra E(f)fβ, where
β ≃ 1.58 is estimated on the range 20 < f < 1000Hz, corresponding to the time separation τ on
the range 0.001 < τ < 0.05 s.
the estimated pdf for several separation scales τ for one realization. The location of maxima157
pdf pmax(τ) is marked by ×. Graphically, pmax(τ) decreases with τ and the corresponding158
location is around, not exactly, Yτ = 0. Figure 5 shows (a) the pdf of pmax for several159
separation scales τ , (b) X = log10(pmax), (c) the skewness factor of pmax and log10(pmax),160
and (d) the the flatness factor. The separation scales in Fig. 5 (a) and (b) are τ = 0.0005161
(), 0.01 ( ) and τ = 0.1 s (N), corresponding to f = 2000Hz in dissipation range, 100Hz162
in inertial range and 10Hz in large scale forcing range, respectively. Both normal and163
lognormal fits seem to capture the fluctuations of pmax(τ). It seems that the lognormal fit164
is better than the normal one, but more data are certainly needed to remove measurement165
uncertainty and to determine without ambiguity which pdf fit is closest to the data.166
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FIG. 4. Empirical pdf estimated for transverse velocity with time separation τ = 0.0005, 0.005,
and 0.05 s, corresponding to f = 2000, 200 and 20Hz. The location for pmax(τ) is marked by ×.
Figure 6 shows the ensemble averaged pmax(τ) for the transverse velocity (#). The inset167
shows the local slope, in which the horizontal solid line illustrates the Kolmogorov value 1/3168
and the dashed line illustrates the value 0.37, and the vertical solid line demonstrates the169
plateau range, e.g. the inertial range 0.001 < τ < 0.01 s. Here the local slope is defined as170
α(τ) = − d log10(pmax(τ))
d log10(τ)
(19)
A power law behavior is observed over the range 0.001 < τ < 0.01 s, corresponding to the171
frequency range 100 < f < 1000Hz. This inertial range can be also confirmed by the plateau172
of the local slope. The scaling exponent is found to be α ≃ 0.37, which is obtained by a173
least square fitting algorithm. It is interesting to note that this value is consistent with the174
scaling exponent of the first-order SFs reported in other studies,6,30,31 indicating almost the175
same intermittent correction on the probability space and the statistical moments space.176
For comparison, the first-order SF S1(τ) = 〈|Yτ |〉 is also shown as △. Note that the absolute177
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FIG. 5. (a) pdf of pmax(τ), (b) pdf of X = log10(pmax(τ)), and (c) the skewness factor of pmax ( )
and log10(pmax), and (d) the flatness factor. Separation scales in (a) and (b) are τ = 0.0005 s (),
0.01 s ( ) and τ = 0.1 s (N), corresponding to f = 2000 Hz in dissipation range, 100 Hz in inertial
range, and 10 Hz in large scale forcing range, respectively. For display convenience in (a) and (b),
the mean value of each scale is removed and the curves have been vertically shifted. The normal
distribution is illustrated by a solid line.
value of increments does not change the result of this paper. For display convenience, it178
has been converted by taking 1/S1(τ). It predicts the same inertial range as pmax(τ). The179
corresponding scaling exponent is found to be ζ(1) ≃ 0.34, very close to the Kolmogorov180
value 1/3. One can find that the pmax(τ) shows a behavior which seems more linear than181
S1(τ) on the inertial range, see also Fig. 7 for temperature data. This is because the first-182
order SF S1(τ) is more sensitive to large-scale structures, which might pollute the whole183
inertial range, see the discussion below and an example of passive scalars with large-scale184
ramp-cliff structures in Ref. 32.185
We note that the inertial range predicted by Fourier power spectrum E(f) is different186
from the one predicted by first-order SF S1(τ) and pmax(τ). This phenomenon has been187
reported by several authors for the second-order SF S2(τ) and the Fourier power spectrum188
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FIG. 6. pmax(τ) and the first-order structure function S1(τ) of transverse velocity component.
The scaling exponents are α ≃ 0.37 and ζ(1) ≃ 0.34 estimated on the power law range 0.001 < τ <
0.01 s, corresponding to 100 < f < 1000Hz. The inset shows the local slope α(τ) and ζ(1, τ), in
which the horizontal solid line indicates the Kolmogorov value 1/3, and the dashed line indicates
the value 0.37, and the vertical solid line illustrates the inertial range. For display convenience,
we have shown the inverse value 1/S1(τ) of the first-order structure function and the curves have
been vertically shifted.
E(f).3,24,32–34 If one considers the Wiener-Khinchin theorem,3,32,35 S2(τ) and E(f) can be189
related to each other as190
S2(τ) =
∫ +∞
0
E(f) (1− cos (2πτf)) df (20)
Therefore, for a scaling time series, they are expected to have the same inertial range, and191
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the corresponding scaling exponents are related as β = 1 + ζ(2). The difference may come192
from the following reasons: (i) the finite power law range,32,34 (ii) the spectrum of the original193
velocity is not a pure power law,3,33 (iii) violation of the statistical stationary assumption,194
and (iv) also the influence of large-scale structures.32,36 More detail of the discussion can be195
found in Ref. 32. We will turn to this point again in the next section.196
B. Temperature as an active scalar from Rayleigh-Be´nard Convection197
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FIG. 7. pmax(τ) and the first-order structure functions S
θ
1(τ) of temperature. Power law behavior
is found over the range 1 < τ < 10 s for all curves. The corresponding scaling exponents are
αθ ≃ 0.33 and ζθ(1) ≃ 0.19, respectively. For display convenience, we have shown the inverse value
1/Sθ1(τ) of the first-order structure function and the curves have been vertically shifted.
We finally consider a temperature data sets obtained near the sidewall of turbulent RBC198
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system. The experiments were performed by Prof. Xia’s group in the Chinese University199
of Hong Kong. The details of the experiments have been described elsewhere.37–39 Briefly,200
the temperature measurements were carried out in a cylindrical cell with upper and lower201
copper plates and Plexiglas sidewall. The inner diameter of the cell is D = 19.0 cm and202
the height is L = 19.6 cm. So its aspect ratio is Γ = D/L ≃ 1. Water was used as203
the working fluid and measurement were made at Rayleigh number Ra = 9.5 × 109 and204
1.31 × 1010. During the experiments, the entire cell was placed inside a thermostat box205
whose temperature matches the mean temperature of the bulk fluid that was kept at ∼ 40◦C,206
corresponding to a Prandtl number Pr = 4.4. The local temperature was measured at 8207
mm from the sidewall at midheight by using a small thermistor of 0.2 mm diameter and 15208
ms time constant. Typically, each measurement of temperature lasted 20 h or longer with a209
15
sampling frequency 64 Hz, ensuring that the statistical averaging is adequate.210
Near the sidewall of a turbulent convection cell, the turbulent flow is driven by buoyancy211
in the vertical direction. As proposed by Bolgiano and Obukhov, there is a typical length212
scale in buoyancy-driven turbulence, now commonly referred to as the Bolgiano scale LB,213
above which buoyancy effects are important and the Bolgiano-Obukhov (BO59) scaling214
Eθ(k) ∼ k−7/5 for temperature power spectrum or Sθq (r) ∼ rq/5 for SFs are expected.5,40215
Whether the BO59 scaling exists in turbulent RBC system has been studied extensively in216
the past two decades, whereas it remains a major challenge to settle this problem (see, for a217
recent review, Ref. 5). Nevertheless, it has been shown recently that above a certain scale218
buoyancy effects indeed become predominant, at least in the time domain.41,42 The observed219
Bolgiano time scale here is of order 1 second.41–43220
Figure 7 and 8 show respectively the estimated pmax(τ) and the first-order SFs S
θ
1(τ),221
and the local slope, in which dashed line indicates the BO59 scaling 1/5 and the solid line222
indicates the KOC scaling 1/3. One can see the power-law behaviors or the plateaus above223
the Bolgiano time scale, i.e. on the range 1 < τ < 10 s. For pdfs, the fitted scaling exponent224
is αθ ≃ 0.33, which is almost the same as the Kolmogorov-Obukhov-Corrsin (KOC) value of225
1/3 for passive scalar,3,44 whereas for SFs, the fitted scaling exponent ζθ(1) ≃ 0.19, which is226
very close to the BO59 value of 1/5. At first glance, these results seem to be contradicting and227
confusing. To understand this, we note that in turbulent RBC buoyant forces are exerted on228
the fluid mainly via thermal plumes. As revealed by several visualizations, thermal plumes229
consist of a front with sharp temperature gradient and hence these thermal structures would230
induce intense temperature increments, which correspond to the pdf tails.45–47 Therefore, it231
is not surprising that pmax(τ) investigated here could not capture efficiently the information232
of thermal plumes and thus may preclude buoyancy effects. See next section for more233
discussion.234
Note that the Taylor’s frozen-flow hypothesis,235
rT = −〈u〉τ, (21)
is always used to relate the time domain results, such as those shown in Fig. 7, to the236
theoretical predictions made for the space domain. However, the conditions for the Taylor’s237
hypothesis are often not met in turbulent RBC system and hence its applicability to the238
system is at best doubtful.5,48,49 Recently, based on a second order approximation, He and239
16
coworkers50,51 advanced an elliptic model for turbulent shear flows. Later, the model was240
validated in turbulent RBC system indirectly using the temperature data by Tong and241
coworkers52,53 and directly using the velocity data by Zhou et al. 54 . The most important242
implication of the elliptic model is that the model can be used to translate time series to243
space series via244
rE = −(U2 + V 2)1/2τ (22)
where U is a characteristic convection velocity proportional to the mean velocity and V is245
a characteristic velocity associated with the r.m.s. velocity and the shear-induced velocity.246
As pointed by Zhou et al. 54 , r is proportional to τ for both the Taylor’s relation Eq. (21)247
and the elliptic relation Eq. (22), but the proportionality constants of the two relations are248
different. This implies that the Taylor’s hypothesis and elliptic model would yield the same249
scaling exponents. Therefore, if one is only interested in the scaling exponents, one does250
not really need the validity of Taylor’s hypothesis to reconstruct the space series from the251
measured time series.252
IV. DISCUSSION AND CONCLUSION253
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FIG. 9. (a) the integral kernel of first-order structure function, and (b) the normalized cumulative
function C(|Yτ |). The location of pmax(τ) is at Yτ ≃ 0 and marked by ×.
We have mentioned above that for the turbulent velocity the inertial range predicted by254
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FIG. 10. Demonstration of the influence of large-scale structures (plume). They are (a) a portion
of temperature data θ(t), (b) θ(t+ τ), and (c) increment Y θτ (t) with τ = 5 s, respectively. The pmax
is located at Y θτ ≃ −0.15, which is indicated by a small horizontal patch. For clarity, the curves
have been vertical shifted.
Fourier power spectrum E(f) is larger than those predicted by the pmax(τ) and by the first-255
order SF. Indeed, it has been reported by several authors that the inertial range predicted256
by the second-order SF S2(τ) is shorter than Fourier power spectrum.
3,4,33,34 By taking257
an assumption of statistical stationary and Wiener-Khinchin theorem, S2(τ) and E(f) can258
be related with each other,3,35 see Eq. (20). Thus both methods are expected to predict259
an identical inertial range.3,4 However, the statement of the Wiener-Khichin theorem only260
exactly holds for a stationary process, which may be not satisfied by the turbulent velocity.261
As pointed by Huang et al. 32 , the second-order SF is also strongly influenced by the262
large-scale structures. We show this point experimentally here. A more rigorous discussion263
can be found in Ref. 32. Figure 9 shows (a) the integral kernel p(Yτ )×|Yτ | of the first-order264
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SF for three same separation scales as in Fig. 4 (a), and (b) the corresponding normalized265
cumulative function C(|Yτ |), respectively. The location of pmax(τ) is marked as ×. The266
normalized cumulative function C(|Yτ |) is defined as267
C(|Yτ |) =
∫ Yτ
−Yτ
p(Y ′τ )|Y ′τ | dY ′τ∫
∞
−∞
p(Y ′τ )|Y ′τ | dY ′τ
(23)
It characterizes the relative contribution to the first-order SF. The location of pmax is found268
graphically to be Yτ ≃ 0, indicating that at this location there is almost no contribution to269
SFs. If we consider the large index value of Yτ coming from large-scale structures, most of270
the contribution to SFs comes from them. The contribution is found also to be increased271
with the increase of τ , see Fig. 9 (b). Thus pmax is less influenced by large-scale structures,272
revealing a more accurate scaling exponent for ζ(1).273
In the sidewall region of RBC system, the flow is dominated by plumes.5,40 Figure 10274
shows (a) a portion of temperature data θ(t), (b) θ(t + τ), and (c) increment Y θτ with275
τ = 5 s, respectively. Due to the presence of plumes, the shape of pdf p(Y θτ ) is asymmetric276
(not shown here).42 The location of pmax is at Y
θ
τ ≃ −0.15, which is indicated as a small277
horizontal patch. For SFs, they include contribution from all scale structures. On the278
contrary, pmax acts a kind of conditional statistic, in which the contribution from large-scale279
structures, e.g. thermal plumes, is excluded, see Fig. 10 (c). The large-scale structures280
here are believed to be thermal plumes. Thus the scaling of pmax may represent the scaling281
property of the background fluctuation, which is believed to satisfy KOC scaling.5,40 Indeed,282
the KOC scaling for the first-order statistical moment has been found by using a generalized283
autocorrelation function of the increment, which confirms the idea that in the sidewall region284
the temperature fluctuation can be considered as a KOC background fluctuation superposed285
to BO59 fluctuations (thermal plumes).286
This result is compatible with the Grossmann-Lohse (GL) theory,55–57 in which the global287
thermal dissipation ǫθ is decomposed into the thermal dissipation due to the bulk ǫθ,bulk288
together with the boundary layer ǫθ,BL289
ǫθ = ǫθ,bulk + ǫθ,BL (24)
Later, the GL theory has been modified so that the thermal dissipation ǫθ can be decomposed290
into the thermal dissipation due to the thermal plumes ǫθ,pl together with the turbulent291
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background ǫθ,bg
58
292
ǫθ = ǫθ,pl + ǫθ,bg (25)
in which the contribution from the thermal plumes might be related to the boundary layer.293
Therefore, in the sidewall region, the thermal dissipation is dominated by the thermal plumes294
(or boundary layer), see more details in Ref. 58. More recently, this picture has been proofed295
to be correct at least in the central region of the RBC system by Ni, Huang, and Xia 59 .296
Our result here indicates that in the sidewall region, the turbulent background should have297
contribution to the global thermal dissipation as well as the thermal plumes. Or in other298
words, the KOC and BO59 scalings might coexist at least for the temperature fluctuations.299
We will show this result elsewhere.300
The method we proposed here may be refined by considering some pdf models as basis,301
e.g. Eq. (3.8) in Ref. 8. However, it seems that the Eq. (3.8) requires the resolution of302
the spatial dissipation scale η to determine a parameter σ0, the most probable variance of303
conditional velocity u at a given dissipation rate ǫ, see more details in Ref. 8. Unfortunately,304
the data set we have has no resolution on dissipation scale.28 More data sets and pdf models305
will be considered in future studies to refine our method.306
One advantage of the present method to consider scaling properties of time series is its307
ability to exclude the influence of large-scale structure as much as possible. Indeed, we have308
observed a Kolmogorov-like pdf scaling for other data set, in which other moment-based309
methods do not detect the power-law behavior. It is believed that the scaling is destroyed310
by large-scale structures (result not shown here).311
In summary, we investigated the pdf scaling of velocity increments Yτ (t). We postulated312
a scaling relation of the maxima value of the pdfs, e.g. pmax(τ) ∼ τ−α. We obtained313
this scaling relation analytically for fBm processes and more generally for H-self-similar314
processes with α = ζ(1). For the former one, it has been validated by fBm simulations. The315
pdf scaling exponent α is comparable with the scaling exponent ζ(1) of the first-order SFs.316
To our knowledge, at least for H-self-similar processes, this is the first method to look at317
scaling properties on the probability space rather than on the statistical moments space as318
done classically. We postulated that the pdf scaling holds for multifractal processes as well.319
For multifractal processes, due to the failure of Eq. (8), the scaling relation may be only an320
approximation.321
When applying this approach to turbulent velocity, it is found that, statistically speaking,322
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pmax(τ) satisfies both normal and lognormal distributions. A scaling exponent α ≃ 0.37 is323
found experimentally which is consistent with the scaling exponent ζ(1) of the first-order SFs324
reported in other studies, indicating the same intermittent correction on both the probability325
space and the statistical moments space. For temperature near the sidewall of RBC system,326
the scaling exponent is found to be αθ ≃ 0.33. This value is in favor of KOC scaling for327
passive scalar, not BO59 scaling. It indicates that the KOC scaling may be extracted by328
a proper designed method. We show experimentally that the contribution of plumes to329
pmax is almost excluded, whereas the SF contains contributions from both small-scale and330
larger-scale structures. Indeed the contribution from the former ones is much smaller than331
from the later ones. Thus the pdf scaling exponent αθ represents the scaling property of the332
background flow. In other words, the temperature fluctuation in the side wall region of a333
RBC can be considered as a KOC background fluctuation superposed to BO59 fluctuations334
(thermal plumes). The first-order KOC scaling exponent has been confirmed by using other335
approach. The potential application of these new findings may serve as a constrain of some336
turbulent models, for example, the pdf model (Eq. (3.8)) in Ref. 8.337
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